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ABSTRACT 

The concept of oscillatory Universe appears to be realistic and buried in the dynamic 
dark energy equation of state. We explore its evolutionary history under the frame 
work of general relativity. We observe that oscillations do not go unnoticed with such 
an equation of state and that their effects persist later on in cosmic evolution. The 
'classical' general relativity seems to retain the past history of oscillatory Universe in 
the form of increasing scale factor as the classical thermodynamics retains this history 
in the form of increasing cosmological entropy. 
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1 INTRODUCTION 

Although, the b elief in oscillatory Universe dates b ack to the 
ancient times f (|Kanekar, Sahni fc Shtanovl l200ll ) and ref- 
erences cited therein), a scientific model for it could only 
be proposed du ring the first half of the twentieth century 
|Friedmadll922l ). At a stage, oscillatory Universe was con- 
sider ed as one o f the main possibilities of cosmic evolu- 
tion (|Dickelll965l U However, iDurrer fc Laukenmannl (| 19961 ) 
showed it as a viable alternative to inflation. Throughout 
the past century, the idea has been of scientific importance 
rather than of mere belief, which has been a focus of many 
theoretical investigations till date as summarized below. 

The building up of cosmolo g ical e ntropy in each cycle of 
oscillation as shown bv lTolmanl j 19341 ) is fated to a thermo- 
dynamical end. This had suggested that the Universe had a 
beginning at a fini te time, and thu s had undergone a finite 
number of cycles (|ZeldovichllT967h , opposed to the idea of 
steady-state Universe. When treated classically, it reaches a 
point of singularity at the end of every cycle resulting in a 
total breakdown for the general relativity (GR). However, 
there are models with contracti n g epo c h preceding a bounce 



jLidsev et al. | 120041 ; lAshtekar. Pawlowski fc Singhl [HI). 
The quantum effects built into these studies aim to provide 
a non singular framework for the bounces that avoid a kind 
of singularity hit by GR. Besides, they all admit a cosmolog- 
ical evolution that has undergone an early oscillatory phase 
for a finite time, and has finally led to inflation as we see 
it now. Evolution of the expanding Universe has also been 
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20071 ). Scalar field models that involve contracting phases 
are proposed as alternatives to the inflationary scenario. 
These models have also been explored to distinguish 
such phases from purely expanding cosmologies. Vector 
perturbations uptill the second order have recently been 
considered as the scalar pertu rbations may not be able 
to di stinguish it at first order (|Mena. Mulrvne fc Tavakoll 
l2007t ). Osci llatory mode l arising from linearized R 2 theory 
of gravity (|Cordal [2008) has also been studied, which is 
found in reasonable agreement with some observational 
results like the cosmolog ical red shift and the Hubble law. 
ISaha fc Bovadiievl (2003) obtained the oscillatory mode of 
expansion of the Universe from a self-consistent system 
of spinor, scalar and gravitational fields in presence of a 
perfect fluid a nd cosmological term A (|Zeldovichl 1 19671 : 
IWeinberdll989l ). 
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Various observations dRiess et ah 2004 ; Spergel et al.l 



l2003l ; iTegmark et~ai1 12004| ; iPerlmutter et al.1 1 19991 ) ■ suggest 
that our Universe is accelerating. And the reason behind it 
is believed to be a mysterious dark energy, a term coined 
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recently in 1999 but its history tra ces back as late as New- 
ton's time l|Calder fc Lahavl |2008» . The cosmological con- 
stant A, first adopted and then abandoned by Einstein fo r 
his static model of the Universe |EinsteirJll9Tn , ll918l . [i93ll ). 
is considered as one of the candidates for the dark en- 
ergy. The other ca ndidate is a scalar field often referred 
to as quintessence dWatterich Il988l ; iRatra fc Peebles! [1985 
ICaldwell, Dave fc Steinhardtl Il998l ). It is, however, specu- 



lated that A is a dynamical term rather than a constant. 

The dark energy may be described as a perfect fluid 
through the equation of state (EOS) relating the fluid pres- 
sure and matter density of the physical system through the 
relation p = up, where u(t) = u is the barotropic dark en- 
ergy equation of state parameter. It plays a significant role 
in the cosmological evolution. This is in general a function 
of time and may be a funct i on of scale factor or redshift 
dChervon fc Zhuravlevl |2000|; l200ll Il982l ; iPeebles fc Ratral 
l2003h . Recently, lu smanietal 1 (|2008n have proposed a time 
dependent u(i) for the study of cosmic evolution with the 
equation of state parameter 



u(t) = u +uJi(tH/H). 



(1) 



Here, H = H(t) is the time varying Hubble parameter. The 
dynamics of both expanding and contracting epoch of the 
Universe is buried in the sign of H in this simple expres- 
sion. The H=0 represents a linearly expanding Universe 
with u(t) = ujo. 

A close system like an oscillatory Universe may be 
created without violating any known conservation law of 
Physics as its total m ass (energy) is zero, which is indeed 
possible (|Trvonlll973 l ) . A Universe may enter into an epoch 
of expansion followed by an epoch of contraction after ev- 
ery bounce. For an expanding Universe that was created 
at t = with H(t) = 0, we may arrive at two situations 
(i) linearly expanding Universe represented by H = tH (ii) 
and Universe that has undergone an adiabatic expansion 
to a finite Hi followed by a linear expansion (for example, 
our Universe) that may be represented by another condition 
H >> tH provided Hi » tH. Having the same theoretical 
framework these two cases may be r epresented by a single 
set of equations |Usmani et al.ll2008l ) with a difference that 
inflation leads to a scaling in u. Thus, it is the equation of 
state that distinguishes between the two. After achieving its 
maximum radius at time t — to (r = 0) with H — and 
H(to) = H max , the Universe starts collapsing due to its own 
mass and enters into an epoch of contraction with a nega- 
tive sign of H. Thus at a later time t — to + r, H is defined 
as H — H max — tH, which would continue to decrease till 
Universe achieves its minimum radius. At preceding times 
closer to it, a 'condition of oscillation', H(t) « \tH\, would 
hold. This condition would still at a time when Universe sets 
to expand again. 

The above equation of state enables us to handle this 
third possibility at least qualitatively when employed in 
the framework of general relativity. The history of oscilla- 
tions does not go unnoticed by the classical thermodynamics 
since cosmological entropy (unidirectional thermod ynamical 
scale of time) keeps on growing after every cycle (|Tolmanl 
1 1934 ). The generalized second law (GSL) of thermodynam- 
ics relates t he dark energy equation of state with cosmolog i- 
cal entropy (iBakensteidl 19731; [Gibbons fc Hawkindll977al ll 



lUnruh fc Waldl Il982l ; IPaviesI ll988T ). Thus the equation of 



state, which translates itself into entropy, would manifest 
similar properties despite the fact that relativity breaks 
down at singularities, whose details are not required in the 
framework. An observer outside the Universe, who measures 
a growing time (or growing entropy) from point of creation, 
would distinguish a state in an oscillation with an identical 
state in the next oscillation with a decrease in H . This would 
result in different solutions of field equations for identical 
states in two different oscillations. The state of expansion, 
contraction and oscillation of the Universe is buried in H. 
We find no reason to believe, why field equations of general 
relativity would not yield a valid solution for any value of H 
no matter how many times the Universe has hit the singu- 
larity in the middle and has come up to a finite size again 
and again for 'unknown' reasons. 



2 FIELD EQUATIONS AND THEIR 
SOLUTIONS 

The Einstein field equations of general relativity are 

R ij - Rg l] /2 = -8tvG [t ij - [A/8-KG)g ij ] , (2) 

where A is time-dependent Cosmological term with vac- 
uum velocity of light being unity in relativistic units. For 
the spherically symmetric Friedmann-Lemaitre-Robertson- 
Walker metric, Einstein field equations ([2} yield Friedmann 
and Raychaudhuri equations, respectively, 



3H + 3k/a 
3H 2 + 3H 



8-n-Gp + A, 
-4tvG(p + 3p) + A. 



(3) 
(4) 



Here, a = a(t) is the cosmic scale factor, k is the cur- 
vature constant, H — a/a is the Hubble parameter and G, 
p, p are the gravitational constant, matter-energy density 
and fluid pressure, respectively. The G is taken to be a 
constant quantity along with a variable A in which case 
the generalized energy conserva tion law may be derived 
l|Shapiro. Sola fc Stefanelcj 120051 ). Using equation of state 
(p = up) in Eq. Q and differentiating Eq. © with time 
t for flat Universe (fc = 0, we arrive at 



4irGp = H/{l+u). 



(5) 



In the light of the stud ies by 

iRav. Mukhopadhyay fc Duttachowdhurv J2007i). we use 



the ansatz, A = AH 3 . As argued by lUsmani et alj (120081 ) 
this ansatz may find reali zation in the framework of self 
consistent inflation model (|Dvmnikova fc Khlopovll2000l ) in 
which time-dependent A is determined by the rate of Bose 
condensate evaporation with A ~ (mj/mp) 2 (where ms is 
the mass of bosons and mp is the Planck mass). 

The equation of state along with Eqs. Q , (0 and above 
ansatz leads to 

dH/dH + 3(1 + u)H = {l + u)AH 3 /2H. (6) 

The condition H(t) « \tH\ with +H simplifies it fur- 
ther 

+ dH/dH + 3u lT H = or dH /dH ±3uhtH = 0, (7) 

A change of sign for H would amount to the change of 
sign for u±. Thus, we have same solution set for +H with 

+ui as 
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a(t) = Cexp(B[ln(T) - 1] 



H(t) = |/n(T), 



j(t) — U)Q + U>1 



«> - -(sb) 



ln(T) 



B 



t 2 (l+w(t)) 



P(t) 



A(i) = 



>(t)p(t), 



AB 



(8) 
(9) 
(10) 

(11) 
(12) 



[(ln(T)f - 3(Zn(T)) 2 + 6ln(T) - 6] , (13) 



where, B = t/Er, T — DErt and C and D are integra- 
tion constants. 
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Figure 1. Growth of scale factor a(t) for the successive oscilla- 
tions having equal epoch of expansion and contraction. The solid, 
dotted, dashed, long-dashed and chain curves represent a(t) dur- 
ing first, second, third, fourth, fifth and sixth oscillations, respec- 
tively. The oscillation period for the Universe is assumed to be 
(t = 1 units of H). 



3 DISCUSSION AND CONCLUSION 

The logarithm ln(T) demands a positive definite value for 
T. Thus E, D and uii must have identical sign. Therefore, 
second term of Eq. (|10|) i.e. u)i/ln(T) is positive for T > 1 
and negative in the range < T < 1. We find ui 1 = for a 
linearly expanding Universe a nd a range —2/3 < U i < —0.46 
for an inflationary Universe l|Usmani et al.l |200ST ) . Thus, it 
is always negative. For a contracting Universe H is nega- 
tive, which makes the second term of Eq. JTJ positive. This, 
when compared with Eq. (JTUJ) , suggests that wj is positive 
for T > 1 and negative for T < 1. Thus, for D = 1, we ob- 
tain a condition, E = 3u;i > 1/rt. Here t — > inf means 
uji — > 0, which represents a linearly expanding Universe 
with uj(t) = ujo — —1/3. For an observer sitting outside 
the Universe, the rate H would appear to be smaller and 
smaller for the increasing number of oscillations as t would 
appear to be larger and larger. It is obvious from Eq. (J5J) 
that H is positive definite that means it grows from zero to 
a maximum value during the epoch of expansion and and 
then approaches to zero during the epoch of contraction. 
We also observe that Eq. (|ll|l for the density is singular 
at 1 + ui(t) — 0, so is the pressure (p — uip), which turns 
out to be positive for > u)(t) > —1. The same restriction 
is found for the expanding Universe using same equation 
of state l|Usmani et al.1 l2008h . which is in agreement with 
the results of GSL of thermodynamics that too restricts the 
equation of state, u(t) > —1, in an expanding Universe. Be- 
yond this limit, for example ui{t) > 0, pressure is negative. 

Let us now try to extract the two phases of expanding 
and contracting Universe. As mentioned earlier, we had the 
condition -1 < w < —0.46 (|Usmani et al.| [2008) which we 
must satisfy here also and thereby take wo ~ —1/3 and 
—2/3 < w\ < —0.46. With this our p will always be positive 
either Universe is expanding or contracting. In our solution 
T depends upon the constants D, E, r and also t. E, via 
the relation E = 3u>i, is a negative quantity. Thus D must 
be negative to make T positive and between and 1. Hence 



pressure will be positive and Universe will contract. It also 
depends upon constant D, so if \D\ multiplied by r is less 
than 1 pressure would be positive. In other words if E is 
very very small, even for a large r, pressure will be positive 
and Universe will contract. But with increasing r, \D\t will 
eventually be greater than equal to one and pressure will 
again be negative and the Universe will start expanding. 

We, therefore, construct the story for a Universe like 
ours, which had started with an adiabatic expansion with 
uj(t) < —1/3, then it had been slowed down to a linearly 
expanding Universe with to(t) — —1/3, which was then fol- 
lowed by an epoch of contraction with a positive value of 
uJi/ln(T). For smaller values of T or t, 0Ji/ln(T) may reach 
the condition to(t) > 0, which will make the pressure pos- 
itive and thus would receive a bounce. This process would 
continue repeating without violating any known conserva- 
tion law. However, LJi/ln(T) — > for T — > inf. Thus, the 
Universe would appear to be a linearly expanding Universe 
with uj(t) — ujq = — 1/3 and would never reach the condition 
for contraction or bounce i.e. uj(t) > 0. Thus, it recommends 
for initial oscillations only. One may suggest improvements 
in the equation of state, however we have shown a way to in- 
corporate oscillatory Universe in general relativity through 
it. 
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